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Penetration of Strain-Hardening 
Targets With Rigid Spherical-Nose 
Rods1 
We developed engineering models that predict forces and penetration depth for long, 
rigid rods with spherical noses and rate-independent, strain-hardening targets. The 
spherical cavity expansion approximation simplified the target analysis, so we ob-
tained closed-form penetration equations that showed the geometric and material 
scales. To verify our models, we conducted terminal-ballistic experiments with three 
projectile geometries made of maraging steel and 6061-T651 aluminum targets. The 
models predicted penetration depths that were in good agreement with the data for 
impact velocities between 0.3 and 1.0 km/s. 
Introduction 
In a recent paper, Forrestal, Okajima, and Luk (1988) de-
veloped penetration equations for long, rigid rods with spher-
ical, ogival, and conical noses that penetrated rate-independent, 
elastic, perfectly plastic targets. The cavity expansion approx-
imations (Bishop, Hill, and Mott, 1945) simplified the target 
analyses, so penetration equations were obtained in closed 
form. These models predicted penetration depths that were in 
good agreement with measurements for impact velocities be-
tween 0.4 and 1.4 km/s. 
In this study, we modeled 6061-T651 aluminum targets as 
an elastic, strain-hardening, rate-independent material. We ob-
tained compression stress-strain data to 100 percent true strain 
from samples taken from the target material. As shown in Fig. 
1, a power-law data-fit closely approximated the post-yield 
stress-strain data. In a previous article (Forrestal, Okajima, 
and Luk, 1988) tensile tests were conducted with the target 
material, and the tensile specimen failed between true strains 
of 0.052 and 0.059. With this limited data, the authors assumed 
that the target material was elastic, perfectly plastic, and the 
flow stress was taken as the tensile failure stress. Therefore, 
the newly developed large-strain compression test (Kawahara, 
1986) and power-law, strain-hardening model provided a more 
realistic description of the target material. 
In addition to providing a realistic material description for 
the target, the penetration equations derived in this study 
showed the geometric and material scales. To verify our models, 
we conducted terminal-ballistic experiments with three pro-
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jectile geometries made of maraging steel and 6061-T651 alu-
minum targets. The models predicted penetration depths that 
were in good agreement with measurements for impact veloc-
ities between 0.3 and 1.0 km/s. 
Penetration Equations 
Rigid, long-rod projectiles with spherical noses impact a 
uniform target at normal incidence with velocity V0 and pro-
ceed to penetrate at rigid-body velocity, Vz. Much of the pre-
vious work by Forrestal, Okajima, and Luk (1988), who derived 
penetration equations for forces on the projectile nose and 
penetration depth, could be used in this study. Those equations 
employ the spherical cavity expansion approximation and as-
sume that the target behaves as an elastic, perfectly plastic 
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Stress-strain data for the 6061-T651 aluminum target material 
power-law data-fit with E = 68.9 GPa, Y = 276 MPa, and n = 
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Fig. 2 Post -test , In-matertal X·ray photograph lor the rod with 2a =
7.11 mm, L = 71.12 mm (shot number 1912)
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Fig. 4 Radial stress at the cavity surlace versus cavity expansion ve-
locity lor an elastic, strain·hardenlng material with E = 68.9 GPa, p =
1/3, Y = 276 MPa, n = 0.051, and PI = 2,710 kg/m3
Fig. 3 Projectile geometry
material. In this study, we model the target as an elastic, strain-
hardening, rate-independent material and arrange the pene-
tration equations to show the geometric and material scales.
To obtain closed-form penetration equations, we use the
spherical cavity expansion approximation (Bishop, Hill, and
Mott, 1945). Normal stresses on the projectile nose are ap-
proximated by results from spherically symmetric, cavity-ex-
pansion analyses for an elastic, strain-hardening material (Luk,
Forrestal, and Amos, 1991). In particular, normal stresses on
the spherical nose are taken as the stresses at the cavity surface
associated with the distributed expansion velocities at the nose-
target interface caused by the pro jectile penetrating at rigid-
body velocity Vz•
A post-test X-ray photograph (Fig. 2) shows that the pro-
jectile produces a tunnel in the target about the size of the
shank diameter. As previously discussed (Forrestal, Okajima,
and Luk, 1988), photomicrographs of the targets showed that
a 5 to 15-lLm film on the tunnel surface had undergone mi-
crostructural changes. From these observations, we assumed
that during penetration a film of melted target material was
between the nose and target. Thus, we take penetration re-
sistance to consist of stresses normal to the nose and a tan-
gential, frictional component from the melted film. We assume
the tangential stress on the nose o, is proportional to the normal
stress Uno so
(1)
where p. is the sliding-friction coefficient.
Axial forces for spherical-nose rods (Forre stal, Okajima,
and Luk, 1988) are given by
r; = 1ra2i:12 a; ( Vz,O) [ sin 20+ 21L sin20J dO (2)
where un( Vz' 0) is the stress normal to the spherical nose and
oand a are defined in Fig. 3. The stress un( Vz' 0) is approximated
by results from spherically symmetric, cavity expansion anal-
yses. For this cavity expansion problem (Luk, Forrestal, and
Amos, 1991), a spherically symmetric cavity is expanded from
zero initial radiu s at a constant velocity V. Figure 4 shows
radial stress a, at the cavity sur face versus the constant , cavity
expansion velocity V for incompressible and compressible ma-
terials with the stress-strain behavior shown in Fig. 1. In Figs.
1 and 4, E, v, Y, n, ando, an: Young 's modulu s, Poisson's
ratio, yield stress , strain-hardening exponent, and density of
the target material, respectively. The spherically symmetric,
cavity expansion results in Fig. 4 can be expressed in the form
UrIY=As+Bs[ (p/y) II2Vr (3)
where A s and B, depend only on the target 's material prop-
erties.
For an incompressible, elastic strain-hardening material
(Luk, Forrestal, and Amos, 1991),
A s= ~[I+G~ nIJ. Bs=312 (4a)
1= i~- (3 Y12E) ( __/~:)n dx (4b)
wherelis evaluated numerically (Amos, 1988).For the material
in Fig. 4, I = 4.539 and A s = 4.595. To obtain closed-form
penetration equations for the compressible model tha t show
the geometric and material scales, we curve-fit the spherically
symmetric , cavity expansion results in Fig . 4 with equation (3).
In equation (3) and Fig. 4,As is the value of u,I Y for V - 0,
so only Bs is adju sted to fit the cavity expansion results . The
compressible results in Fig. 4 are curve-fit accurately with As
= 4.407 and Bs = 1.133. ...
From the geometry in Fig. 3, the target par ticle velocity at
the nose-target interface caused by the projectile penetrating
at rigid-body velocity Vz is
v(Vz' 0)= Vi: cos O. (4c)
We approximate the normal stresSa istribilt ion on the spherical
nose Un by replacing the spherically symmetric, cavity expan-
sion velocity V in equation (3) with the particle velocity v given
by equation (4c). Thus , normal stress distribution around the
spherical nose is taken as
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Table 1 Data summary for rods with la 
= 71.12 mm 
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Table 2 Data summary for rods with la = 5.08 mm and L 





























































Table 3 Data summary for rods with la - 7.11 mm and L 

















































on(Vz, d)/Y=As + Bs[(Pt/Y)
U2Vz cos d]
2. (5) 
Substitution of equation (5) into equation (2) and integrating 
gives 
Fz = wa
2YlAs(l+iJ.ir/2) + Bs(pt/Y)Vl(l+inr/4)/2]. (6) 
Final penetration depth is obtained from 
m{dVz/dt)=mVl{dVl/dz) = -Fz (7) 
where m is the projectile mass and z is penetration depth. The 
projectile mass is 
m = ica2pp(L + 2a/3) (8) 
where pp is the projectile density and a and L are as defined 
in Fig. 3. Substitution of equations (6) and (8) into equation 
(7) and integrating gives 
P = (Pp/P<) . - , 
(L + 2a/3) Bs(l+inr/4) 
(Bs\/l + ^/4\/p,V
2\-] ( 9 ) 
>\AJ \l+^/2j V Y ) \ 
where P is final penetration depth and V0 is impact velocity. 
As previously mentioned, As and Bs depend only on the ma-
terial properties of the target. Thus, the left side of equation 
(9) contains the geometric scale, and the right side contains 
the material scale and the effect of impact velocity. 
Experiments 
Targets. The targets were cut from 152-mm diameter (6.0-









o PROJECTILE 1 
2a = 7.11 mm 
L = 71.12 mm 
A PROJECTILE 2 
2a = 5.08 mm 
L = 71.12 mm 
a PROJECTILE 3 
2a = 7.11 mm 
L = 35.56 mm 
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Fig. S Scaled depth of penetration and measurements 
is given in Tables 1,2, and 3. In addition, axial and transverse 
specimens from this bar stock were machined for large strain, 
compression tests (Kawahara, 1986). Four specimens (two axial 
and two transverse) were tested at a strain rate of 10"2 s"1. 
All stress-strain curves were nearly identical, and a test result 
for a transverse specimen is shown in Fig. 1. Maiden and Green 
(1966) performed compression tests on 6061-T6 aluminum for 
strain rates between 10"3 and 103 s _ 1 and showed this material 
to be strain-rate independent over this range. However, Ka-
wahara obtained true strains to 1.0, whereas Maiden and Green 
obtained true strains to 0.1. We used the data in Fig. 1 for 
our target-material model and assumed that the target material 
was strain-rate independent. 
Projectiles. Projectiles (Fig. 3) were machined of T-200 
maraging steel2 with density pp = 8,000 kg/m
3. The mass, 
length, and diameter for the projectiles are given in Tables 1, 
2, and 3. 
Terminal-Ballistic Experiments. A 20-mm, smooth-bore 
powder gun launched the rods shown in Fig. 3 to incident 
velocities between 0.3 and 1.0 km/s. The rods were encased 
in two-piece, serrated plastic sabots. Pusher plates were 15.7-
mm diameter, 6.35-mm long titanium disks, and the obturator 
was made of the same material as the sabot. The sabot fit 
snugly in the gun barrel, while the slightly oversized obturator 
was forced into the barrel to provide a gas seal. Air drag 
stripped the sabot, pusher plate, and obturator from the rod 
prior to impact (Rosenberg and Forrestal, 1988). 
Incident velocity was determined within one percent accu-
racy by the penetrator interrupting two continuously moni-
tored laser beams, and incident pitch angle a and yaw angle 
/3 were measured with X-ray photographs. Definitions of pitch 
and yaw angles are those given in the book by Zukas et al. 
(1982). Post-test penetration depths were measured from in-
material X-ray photographs; one of these photographs is shown 
in Fig. 2. Tables 1, 2, and 3 summarize the data for the ex-
perimental program. 
2Vasco Pacific, 707 West Olympic Blvd., Montebello, CA 90640. T-200 mar-
aging steel has a nominal yield stress of 200 ksi. 
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Comparison of Predicted and Measured Penetration 
Depths 
Figure 5 shows predictions from the models that take the 
target material as incompressible and compressible. The target 
material properties were taken as E = 68.9 GPa, v = 1/3, Y 
= 276 MPa, n = 0.051, and p, = 2,710 kg/m3. Projectile 
geometries and masses (pp = 8,000 kg/m
3) are given in Fig. 3 
and Tables 1, 2, and 3. In addition, the models require the 
sliding-interface friction coefficient ix. Forrestal, Okajima, and 
Luk (1988) discuss experiments that determine fi at fast, sliding 
velocities. Unfortunately, values pf n are apparatus dependent 
and vary between 0.02 and 0.20. For Fig. 5, we used n = 0.10. 
Clearly, other approximations are made in the cavity expansion 
penetration models, so a selection of JX = 0.10 may only com-
pensate for other assumptions. 
In Fig. 5, data for projectiles 1, 2, and 3 correspond to the 
geometries and data given in Tables 1, 2, and 3, respectively. 
The data trends show that projectiles 1 and 2 are in very close 
agreement for the scaled depth of penetration and that pro-
jectile 3 has a slightly larger scaled depth of penetration. Pre-
dictions using the incompressible and compressible models are 
in reasonably close agreement. 
Summary and Conclusions 
We developed engineering models that predicted penetration 
depth for long, rigid rods with spherical noses and rate-in-
dependent, strain-hardening targets. The spherical, cavity ex-
pansion approximation simplified the target analysis, so we 
obtained closed-form penetration equations that showed the 
geometric and material scales. Terminal-ballistic experiments 
with three projectile geometries verified the geometric scale. 
Any improvements in modeling will require new experimental 
methods that quantify the sliding frictional resistance between 
the projectile and target. 
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